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Abstract

Mixture-of-Experts (MoE) models rely on bal-
anced expert utilization to fully realize their scala-
bility. However, existing load-balancing meth-
ods are largely heuristic and operate on noisy
mini-batch assignment statistics, introducing bias
relative to population-level objectives. We pro-
pose ¢-balancing, a principled framework that
directly targets population-level expert balance
by minimizing a strictly convex, symmetric, and
differentiable potential of the expected routing
distribution. Using convex duality, we derive an
equivalent min-max formulation and obtain a sim-
ple online algorithm via mirror descent, yielding
an efficient EMA-based routing adjustment with
negligible overhead. Across large-scale pretrain-
ing and downstream fine-tuning, ¢-balancing con-
sistently outperforms prior Switch-style and loss-
free baselines, demonstrating more stable and ef-
fective expert utilization.

1. Introduction

Mixture-of-Experts (MoE) Transformers have emerged as
an effective approach for scaling deep learning models by
dynamically selecting a small subset of expert modules
for each input token. This strategy substantially increases
model capacity while keeping computation nearly constant
(Shazeer et al., 2017; Fedus et al., 2022), enabling large-
scale language and vision models with billions of parameters
to operate at roughly constant FLOPs (Lepikhin et al., 2021;
Riquelme et al., 2021; Fedus et al., 2022).

A key challenge in MoE training is to ensure balanced
utilization of experts, which is essential for fully lever-
aging model capacity and avoiding performance degrada-
tion. A number of methods have been proposed to ad-
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Algorithm 1 ¢-balancing for one MoE layer

Require: strictly convex, symmetric, and differentiable ¢,
1 € (0,1], @ > 0, m <« 0, routing frequencies f. (4)

1: Compute routing probabilities p; . for each token ¢
2 pet AN piefore=1,...,F  (expertloads)
3: Letp = (p1,-.-,PE)
4 m+ (1 -n)m+np (EMA of loads)
E
ST-MoE: > ", fepe
5: Lok —

Ours: Y7  V¢(m).p.
6: Update model using V(Emk +a-E- Eaux)
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Figure 1. Performance gains on reasoning and code gener-
ation benchmarks. We compare the proposed method (Ours)
against the ST-MoE baseline on the Moonlight-16B-A3B-Instruct
architecture (Liu et al., 2025). The proposed approach outper-
forms the baseline across all selected tasks, yielding significant
gains in mathematical reasoning (Math500), general capability
(LiveBench), code synthesis (HumanEval), and logic (BBH).

dress this challenge, including Switch-style load-balancing
losses (Shazeer et al., 2017; Lepikhin et al., 2021; Fedus
et al., 2022) and more recent loss-free balancing approaches
(Wang et al., 2024). However, an often unspoken issue is
that most existing balancing objectives are heuristic in na-
ture, as they do not correspond to minimizing a well-defined
population-level objective. In principle, the true goal is to
achieve balanced expert usage under the whole data distribu-
tion. In contrast, widely used methods such as Switch-style
MOoE (ST-MoE) rely on per-mini-batch statistics and realized
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expert assignment frequencies, which introduce systematic
bias relative to population-level uniformity objectives.

We propose ¢-balancing, a principled load-balancing frame-
work that directly targets population-level expert balance.
Our approach formulates load balancing as the minimization
of a strictly convex, symmetric, and differentiable potential
¢ applied to the population mean routing distribution. To
avoid the bias introduced by per-batch approximation, we
adopt a min-max formulation via convex duality and apply
online mirror descent to solve the resulting inner problem.
This yields a simple yet broad family of algorithms, shown
in Algorithm 1, that maintains an exponential moving aver-
age (EMA) of routing probabilities with negligible overhead,
processed through the mirror map V¢.

Empirically, we find that ¢-balancing consistently outper-
forms ST-MoE across a wide range of settings (Figure 1),
including pretraining MoE-augmented Gemma models (Ka-
math et al., 2025; Liang et al., 2025), where we systemati-
cally scale the number of active parameters /N, expert count
E, and routing granularity GG under controlled compute bud-
gets, and ablations on EMA-based load tracking, the choice
of mirror map ¢, and the EMA decay rate. While many
choices for ¢ are possible, we recommend the negative en-
tropy function as the most effective in practice.

We further evaluate per-benchmark LoRA fine-tuning on
instruction-tuned MoE backbones (Liu et al., 2024b; Dai
et al., 2024; Liu et al., 2025) across seven benchmarks,
totaling approximately 40,000 NVIDIA H100 HBM3-80GB
GPU hours for all experiments.

2. Background on Mixtures of Experts

We consider a standard decoder-only Transformer composed
of L layers. In a dense Transformer, each layer processes
the input sequence via a Self-Attention module followed
by a shared Feed-Forward Network (FFN). The MoE ar-
chitecture replaces this dense FFN with a sparse modular
layer consisting of a learnable router and a set of E experts,
{FFNy,...,FFNg} (Shazeer et al., 2017).

Letz = (x;)L_; € RT*4 denote the input to a layer, where
T is the sequence length and d is the model hidden di-
mension. For each token x;, the MoE layer output y; is
computed as the router-weighted sum of the experts:

E
e=1

Here, each expert is parameterized as a standard two-layer
MLP. Following recent state-of-the-art implementations
(Shazeer, 2020; Dai et al., 2024; OpenAl, 2025), we uti-
lize the SwiGLU activation function, defined as:

. FFNe(mu dffn)' (1)

FEN, (u) = W - SWiGLU(W %), )

where Wl(e) € Rdm*d and WQ(e) € R4¥dm are independent
parameters for expert e.

2.1. Sparse Routing Mechanism

The computational efficiency of MoEs relies on the routing
function R(-), which enforces sparsity by directing each
token to a small subset of k experts (where k < F). The
router typically consists of a learnable projection matrix
W, € REXA The routing weights are determined by
normalizing the projection scores over the top-k indices
(Shazeer et al., 2017):

R(x) = softmax (Top-k(W,x)) . 3)

The Top-k(+) operator sets all logits to —oco except for the k
largest elements. Consequently, R(x). is zero for all non-
selected experts, allowing the model to skip the majority of
expert computations. If we only have one activated expert,
then we will not do softmax to avoid zero gradient on the
router logits. This conditional computation decouples pa-
rameter count from inference cost; however, it introduces
the load-balancing challenges that we address in Section 3.

2.2. Baseline Load Balancing Strategy

While the router constitutes a negligible fraction of the total
parameter count, it orchestrates the utilization of the model’s
vast expert capacity. Here, we recall the standard auxiliary
load-balancing loss (LBL) used by ST-MoE (Fedus et al.,
2022). This formulation remains the dominant paradigm
for training large-scale sparse models, including DeepSeek
(Liu et al., 2024b), OIMoE (Muennighoff et al., 2024), and
DeepSpeed-MoE (Rajbhandari et al., 2022).

The LBL objective encourages tokens to be distributed uni-
formly across the E experts. For a minibatch of T" tokens,
let p. denote the batch-mean pre-top-k routing probability
assigned to expert e, let p; . denote the routing probabil-
ity of expert e for token x;, and let f. denote the realized
routing frequency of expert e under top-k routing:

T
Pe =7 sz e, where p; . := softmax(W,x;).,
i=1

- “
fe LTZ (e € Top-k(W,x;)) .

The auxiliary loss is defined as the dot product of these two
vectors:

Zfe Pe- )

As shown by Fedus et al. (2022), minimizing (5) encourages
both the gating probabilities and the discrete selections to
approach a uniform distribution.



¢-Balancing for Mixture-of-Experts Training

N

m=@== | oss-free Balancing =spmm ST-MoE s ¢-balancing
3.28
3.095
2 3.00 4 2 2
S} =] Q
i = 3,09 — 3.20
g 2.85 4 & g
< = =
= 2 = 5124
S 270 5 30851 g
T T T T T T T T T 304 L T T T T T
111M 338M 588M 986M 2! 22 23 24 2 100%  50%  25% 12.5% 6.2%
Model Size Granularity Activation Ratio

/

Figure 2. Pretraining scaling studies under controlled per-token compute. We evaluate routing stability and optimization across three
orthogonal MoE scaling axes, while keeping the per-token computational cost (FLOPs) approximately constant within each study by
adjusting expert size as needed. (Left) Active-parameter scaling: we train models with £ = 16 experts and A = 2 active experts per
token, varying the number of active parameters N € {111M, 338M, 588M, 986M}. (Middle) Granularity scaling: for fixed model
size M and activation ratio A/ E, we vary the granularity factor G € {2, 4, 8, 16, 32} by increasing the total number of experts from 16
to 256 while proportionally shrinking each expert, so per-token FLOPs remain constant. (Right) Expert-count scaling (activation ratio):
we isolate the effect of A/E by holding the compute budget M, the number of activated experts A = 2, and the expert size (granularity)
fixed, and varying the total number of experts E € {8, 16, 32, 64, 128}.

Loss-free balancing. Rather than introducing an explicit
load-balancing loss, which can inject interference gradients
and degrade task learning, loss-free balancing (Wang et al.,
2024) enforces balance by directly modifying the routing
decision. Concretely, it adds a learned, expert-specific bias
to the router logits before the top-k selection, and updates
these biases online using each expert’s recent utilization.

3. ¢-balancing

In this section, we introduce the ¢-balancing loss. Unlike
classical approaches that enforce balance only within indi-
vidual mini-batches, our goal is to regularize global expert
usage over the entire data distribution. Concretely, we en-
courage globally uniform expert utilization via a strictly
convex, symmetric, and differentiable potential function ¢.

3.1. The Global Load-Balancing Objective

Let p(x;0) € AF denote the predicted routing proba-
bility vector for an input token x, parameterized by 6
(i.e., p(x;0) = softmax(W,x)). For a specific expert e,
p(x;0). represents the probability mass assigned to that
expert. We define the global mean routing distribution p(6)
as the expectation of the routing probabilities over the dis-
tribution of tokens D induced by the training corpus:

P(0) = Eznp [p(a;0)] (©)
which satisfies Zle p(@). =1.
Load balancing via convex duality. Our goal is to en-
courage the token population-level routing distribution p(6)

to be uniform, so that in expectation, all experts are uti-
lized equally over the data distribution. We formulate this

objective as the optimization problem
min Ly1(0) := min ¢(p(9)), ©)

where the potential function ¢ : R¥ — R is chosen to be
strictly convex, symmetric, and differentiable.

The strict convexity and symmetry of ¢ guarantee that the
objective in (7) attains a unique minimum over the probabil-
ity simplex at the uniform distribution, which is formalized
by Lemma 1 in Appendix B. Representative choices of ¢
are summarized in Table 1. Importantly, ¢ is not restricted
to additive or separable forms such as 1 (p.) and can
capture more general dependencies across experts.

The estimation challenge. Optimizing (7) directly with
stochastic gradient descent is problematic. Since p(f) is
an expectation over the dataset, it must be estimated, and
using the local mean of a mini-batch B, denoted as p =
IT%\ > wei P(x; 0), introduces significant bias. Because ¢ is
non-linear, the expectation of the function is not the function
of the expectation:

Es[¢(p)] # ¢(Es[p]) = &(p(9))- ®

For small batch sizes, this bias artificially forces the router
to balance every individual mini-batch rather than the
global distribution, potentially degrading performance.

Duality and mirror descent. To address the estimation
challenges induced by batch-wise statistics, we leverage
convex duality to decouple population-level estimation from
per-batch updates. Using the identity

#(p) = sup (p,q) — ¢"(q), ©)

q€ERF
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Figure 3. Pre-Training dynamics and expert utilization. We compare ¢-balancing (red, solid) against ST-MoE (blue, dashed) over 10k
steps. (Left) Validation Loss and Accuracy show that ¢-balancing (negative entropy) achieves comparable or superior convergence.
(Right) Gini coefficient and Expert Loading Analysis demonstrates significantly lower routing imbalance for ¢-balancing. ¢-balancing
maintains tighter bounds between maximum and minimum expert load, staying closer to the perfect allocation line (green) compared to

ST-MoE, which exhibits higher variance in expert capacity usage.

we obtain the min-max problem

min max (Ez~p[(p(z:0),q)] — ¢"(a)),  (10)

where q € RE denotes the dual variable. Intuitively, each
component q. represents the accumulated congestion cost
of expert e. When an expert becomes over-utilized (large
Pe), its price q. increases, amplifying the penalty (p, q)
in the primal objective. This encourages the router to shift
probability mass toward under-utilized experts.

For any fixed 0, strict convexity and the first-order optimal-
ity condition imply that the inner maximization problem
admits a unique maximizer given by q* = V¢(p(6)). Com-
puting q* exactly is infeasible in practice, as it requires
access to the full data distribution. Moreover, directly apply-
ing gradient ascent on the dual variable suffers from high
variance when only mini-batch estimates are available. In-
stead, we exploit the convex structure of the dual problem
and adopt mirror descent, which naturally yields a stable
online estimator.

Denote by p; the empirical mean routing distribution over
the mini-batch B; at iteration ¢:

1
= E 1 0;).
Pt | By | fver= p(: )

A single mirror ascent step (Beck & Teboulle, 2003) on
the dual objective (10) is equivalent to maintaining an
exponential moving average (EMA) of the batch routing
distributions followed by a price update:

my ;< (1 —n)m; +np;
qrt1 < Vo(myyg),

1)

where m represents the primal variable corresponding
to g and 7 € (0, 1] is the step size.

The full derivation is provided in Appendix B.

Using q;y1 as an approximation for q*, the loss w.r.t. 6
becomes

E
Eaux == <pta qt+1> == Zpt,ev¢(mt+l)e; (12)

e=1

which yields Algorithm 1. Note that we should apply the
stop-gradient operator to m;; (and hence q;1) when op-
timizing the router, so that gradients flow only through p;.

Related methods. As shown in Algorithm 1, our method
differs from the ST-MoE loss only in replacing the realized
frequency fe in Lowich < Y, fe - Pe With our Ve (my 1 )e.
The hard dispatch fraction f. (the percentage of tokens actu-
ally sent to expert e) introduces discrete, non-differentiable
assignment noise. In contrast, our method relies solely on
the dual variable q, which tracks the history of the soft rout-
ing probabilities. Consequently, our regularizer operates
entirely within the smooth probability space, avoiding the
instability associated with discrete routing decisions.

DeepSeek MoE (Wang et al., 2024; Liu et al., 2024a) simi-
larly maintains an EMA of recent expert loads to dynami-
cally update per-expert routing-score biases before the top-k
decision. However, this approach still relies on the hard
routing frequency f. and does not correspond to principled
optimization of a population-level objective as in our deriva-
tion.

3.2. Examples of ¢

The behavior of the min-max LBL (10) is governed by the
potential ¢. This function determines how the accumulated
routing statistics (dual vector q) are mapped to the expert
prices (primal vector m) according to (11). We summarize
in Table 1 several examples of ¢, all of which are strictly
convex, symmetric, and differentiable.
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Table 1. Summary of ¢-balancing variants. The choice of the potential function ¢ determines the relationship between the accumulated
expert usage state m; and the auxiliary loss L.ux. Here, summations are taken over the experts e, and ¢ denotes the conjugate exponent

such that % + % = 1. We follow the convention 0log 0 := 0.

VARIANT PRIMAL POTENTIAL ¢(p)

DUAL POTENTIAL ¢*(q)

AUXILIARY LOSS L,

EUCLIDEAN NORM (p = 2) 3lpli3 slall3 S Pre Mise

£, NORM (p > 1) %”P”ﬁ TI,HCng > Pre - sgn(myyre)|myq [P
SOFT {; NORM (6 > 0) S (Ipe| — dlog(5lpe[ +1)) 30 —d(|qe| + log(1 — |qe])* Y Pre My e(fmerre +0)7!
NEGATIVE ENTROPY > pelogpe > exp(qe — 1) Y Pie- (logmyyy . +1)

TSALLIS ENTROPY (o > 0, # 1) Y (p% — pe)(a— 1)1 no simple closed form S pre- (amy, — 1)(a—1)7
RENYI ENTROPY (« € (0, 1)) L1 log(>-p?) no simple closed form Spte (ami} ) (a1 m§)~!

PSEUDO-HUBER (§ > 0)

2(VpE+92—9)

S (=0y/1— 2 +6)f

—1
2

> Pt.e

: mt+l,6(m?+1.e +62)

LOG-COSH (8 > 0) > 711 log cosh(Bp.) S( lg;“

1-q.

10g(1+qe)+ 23 log(lfqe))i{

> Pte

-tanh(fmyqq )

SOFTPLUS > log(exp(pe) + 1)

S (aelogqe + (1 — qe) log(1 — qc))*

- (exp(—mypy,e) +1)71

> Pt.e

*when ||q||eo < 1, otherwise co  Twhen ||q||eo < 1, otherwise oo Fwhen |q.| < 1, otherwise O when |q.| = 1, otherwise oo $when q € [0, 1]F, otherwise co

Euclidean potential. Setting the potential to the squared
Euclidean norm ¢(m) = 1|ml|} yields the conjugate
¢*(q) = 3llal[3. Since the link function is defined as
q = V¢(m), this choice induces the identity map, effec-

tively equating the price vector to the state: qyy1 = my4.

¢, potentials. A simple smooth family parameterized by
p > lis¢(m) = L|mlp = L7, m?, which yields
the link function @ = V¢(m) = m?~! (since m € A% is
nonnegative). The exponent p controls the elasticity of the
pricing mechanism:

* p — 1 (dampened): The exponent vanishes, driving
prices toward uniformity regardless of usage history.
This effect is also approximated by the soft {1 potential

with
1 71| | +1
m
og 5

m

|m|+4§°

¢(m) = [m], -0

9

1

and link function

q = V¢(m)

* p — oo (aggressive): The exponent diverges, causing
small disparities in usage to result in extreme price
penalties.

Negative Shannon entropic potential.
>~ m, log m, yields the dual relationship

Setting ¢(m) =

q = V¢(m) = log(m) + 1.

This establishes an exponential link between the primal
distribution and the dual prices, i.e. m, = exp(q.). Unlike
the linear response, this penalizes low-probability experts
aggressively, effectively acting as a soft barrier.

Negative Tsallis entropic potential. The negative Tsallis
entropy is parameterized by o > 0 and o # 1 and defined
as

Zp—p
_ e Pe
¢(p) - a— 1 )
e=1
with gradient
ap®~ 1 —1
v ==\
o(p) po—]

It converges to the negative Shannon entropy in the limit as
a— 1.

Negative Rényi entropic potential. Another family that
generalizes the negative Shannon entropy is the negative
Rényi entropy, parameterized by « € (0, 1) and defined as

E
¢®)—a_1k%<§;n>
with gradient
V¢(p) B apa—l
(=137, pf

It converges to the negative Shannon entropy in the limit as
a— 1.

Robust potentials. There are several choices of ¢ based
on smooth robust losses, whose sigmoidal gradients con-
trol how aggressively large usage disparities translate into
prices. The pseudo-Huber potential behaves quadratically
in a neighborhood of the origin but smoothly transitions
to an approximately linear regime, thereby limiting the in-
fluence of extreme outliers. The precise transition scale
is controlled by the parameter § > 0. Similar properties
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are enjoyed by the log-cosh and softplus potentials, whose
respective link functions q = tanh(Sm) and

are especially well-behaved.

4. Experiments

We evaluate ¢-balancing across a range of settings and
find that ¢-balancing with negative entropy consistently
performs best (Figure 3), outperforming Switch-style and
loss-free load-balancing baselines across model scales, ar-
chitectures, and downstream tasks. In large-scale Gemma
pretraining, ¢-balancing yields more stable routing, lower
validation loss, and substantially reduced capacity violations
when varying model scale, expert count, and granularity. In
downstream fine-tuning, these stability gains translate into
stronger task performance and more consistent expert spe-
cialization across domains. Our ablations show that history-
aware population tracking is critical for robustness, and that
entropy-based potentials provide the best overall trade-off
between routing stability and downstream accuracy. All
experiments are run on 8 xNVIDIA H100 HBM3-80GB
GPUs.

4.1. Gemma-based Language Model Pretraining

We first evaluate ¢-balancing on MoE-augmented Gemma
language models (Liang et al., 2025). Unless otherwise
stated, all models use top-2 routing and are trained on C4
(Raffel et al., 2020) with the same Gemma-style pretraining
recipe (see Appendix C for details on hyperparameters)
using negative entropy as ¢. Following the settings in Tian
et al. (2025), we systematically vary (i) the number of active
parameters NV, (ii) the number of experts E; and (iii) the
MokE granularity G (Figure 2).

Scaling active parameters. To study how ¢-balancing
behaves across model scales, we train a family of MoE
Transformers with £ = 16 experts and A = 2 active ex-
perts per token, and vary the number of active parameters
N in {111M, 338M, 588M, 986M}. Here, N counts only
the parameters that are touched for a single token under
top-2 routing. For each scale, we compare ¢-balancing
against standard Switch-style load balancing and loss-free
load balancing. We see that the proposed ¢-balancing strat-
egy consistently outperforms both baselines across all tested
model scales, achieving the lowest validation loss at the
986M parameter mark.

Scaling the number of experts. Next, we fix the total
active parameter budget and per-token compute, and vary
the number of experts E € {8, 16,32, 64,128}, keeping

Table 2. Ablation on mirror maps ¢. We report validation
loss and maximum global load-balance violation (Max Viogiobat),
defined in Appendix A; lower is better.

Family  Mirror map ¢ Val.loss |  MaxViogiebal |
Norm-based potentials

lynorm  p=1 3.142 0.770
{,norm p=2 3.098 0.610
lynorm  p=3 3.103 0.640
{p,norm  p = o0 3.116 0.760
Entropic potentials

Entropy  Negative Shannon 3.084 0.104
Entropy  Negative Tsallis (o« — 1) 3.084 0.104
Robust potentials

Robust Soft £1 (6 > 0) 3.109 0.740
Robust Pseudo-Huber (6 > 0) 3.112 0.750
Robust Log-cosh (5 > 0) 3.110 0.745
Robust Softplus 3.125 0.810

the number of active experts at A = 2. As FE increases,
we proportionally reduce the size of each expert so that
the total FLOPs per token remain approximately constant.
This isolates the effect of expert multiplicity, allowing us
to test whether ¢-balancing continues to stabilize routing
when many small experts are available. We see that the
performance gap between ¢-balancing and both baselines
is maintained across the entire range of activation ratios,
indicating that the benefit of ¢-balancing is robust to the
level of model sparsity.

Scaling granularity. Finally, we study the effect of
MOoE granularity by varying the granularity factor G €
{2,4,8,16, 32}, defined as G = dgg/dexpert, Where dexpert
denotes the hidden dimension of a single expert and dg
is the total feed-forward dimension of the MoE layer. In-
creasing G increases the total number of experts while pro-
portionally decreasing the size of each expert, so that the
overall capacity and per-token compute remain fixed and
the activation ratio A/ F is held constant. Intuitively, larger
G corresponds to slicing the feed-forward capacity into
finer-grained experts. This setting is particularly sensitive to
routing instability, and serves as a stress test for ¢-balancing
versus conventional load-balancing losses.

Ablation on mirror maps ¢. As summarized in Table 2,
we ablate the choice of mirror map by training identical
models with the same ¢-balancing objective, router, and hy-
perparameters, and varying only the potential ¢ used to com-
pute expert prices via q¢11 = V¢(my 1) under the fixed
EMA update m;1 = (1—n)mq+np; (with stop-gradient).
The potentials are taken from Table 1 in Section 3.2. For
each ¢, we report validation loss and the global balance
metric MaxViogjoba, computed from the deviation of the
held-out global mean routing distribution p from uniform.
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Table 3. Ablation on global batch size. Accuracy across methods
and global batch sizes on the 986M active-parameter Gemma-MoE
with £ = 16 and A = 2. Higher is better. Best per method/column
is in bold.

Method Batch Size HellaSwagt MMLU 1 C-Eval

32 62.82 41.96 42.58
ST-MoE 128 63.14 42.37 43.24
512 63.34 42.74 43.87
32 62.38 41.58 42.87
Loss-free 128 62.73 42.03 43.46
512 63.05 42.46 44.00
32 63.46 42.88 43.96
Ours 128 63.60 43.02 44.18
512 63.70 43.18 44.36

Table 4. Ablation on EMA tracking choice (routing probabil-
ities vs. selection frequencies). We compare using an EMA of
expert routing probabilities p. against using an EMA of selection
frequencies f. as in Algorithm 3.

N Dense Frequency EMA Probability EMA
111IM 3.3768 3.089 3.0847
338M  3.0136 2.812 2.8200
588M  2.8611 2.685 2.6800
986M  2.7142 2.598 2.6019

Ablation on global batch size. Table 3 investigates the
effect of global batch size on the 986M Gemma-MoE. Un-
surprisingly, increasing the batch size improves downstream
accuracy across all methods and benchmarks; however, ¢-
balancing notably outperforms the strongest baselines even
at smaller batch sizes, suggesting more effective population-
level balancing. Compared with ST-MoE and loss-free bal-
ancing, ¢-balancing delivers both higher absolute accuracy
and greater robustness to global batch size, making it the
most effective choice in this ablation.

Ablation on EMA load tracking. Table 4 studies how
the choice of load statistic affects training. By default, we
track expert load using an EMA of the router’s pre-fop-k
assignment probabilities, which provides a smooth estimate
of expected utilization. As an alternative, we replace this
with an EMA of realized selection frequencies (f.). As
shown in Table 4, using the EMA of frequencies yields
performance comparable to using the EMA of probabilities.

EMA decay sensitivity. We study how the EMA decay 7
used to maintain the running estimate of global routing statis-
tics affects training dynamics. Keeping the model, router,
loss weights, and optimization settings fixed, we sweep 1
over [0, 1], and rerun training under identical conditions.
For each setting, we evaluate validation loss and accuracy
at convergence, and plot both metrics against 7 in Figure 4.
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Figure 4. Sensitivity analysis of the EMA decay parameter 7.
Validation loss (red; left) and accuracy (blue; right) are shown as n
varies over [0, 1].

We see that the best trade-off is achieved for n € [0.6,0.7].
Performance becomes unstable at high decay, where load
estimates revert to single-batch statistics and exhibit high
variance.

4.2. Downstream Fine-Tuning

We now evaluate ¢-balancing on three large MoE backbones
with distinct architectures: DeepSeek-MoE-16B-Chat (Dai
et al., 2024), DeepSeek-V2-Lite-Chat (Liu et al., 2024a),
and Moonlight-16B-A3B-Instruct (Liu et al., 2025). We
report results on seven benchmarks. For training, we use
the training sets from Numina (Li et al., 2024), and below
benchmarks which cover three categories: (i) Mathemat-
ics—GSMB8K (Cobbe et al., 2021) and MATHS500 (Light-
man et al., 2024); (ii) Multi-domain tasks—BBH (Suz-
gun et al., 2023), GLUE training mixture (Socher et al.,
2013; Rajpurkar et al., 2016; Williams et al., 2018; Warstadt
et al., 2019; Wang et al., 2019), LiveBench (Zhang et al.,
2025b), and GPQA (Rein et al., 2024); and (iii) Code gen-
eration—HumanEval (Chen et al., 2021). The results are
shown in Table 5 and Figure 5.

Per-benchmark fine-tuning. To isolate specialization be-
havior and avoid confounding from heterogeneous multi-
task mixing, we fine-tune each benchmark separately. For
each benchmark, we construct a 6,000-example training set
by uniformly sampling 6,000 prompts from the benchmark’s
training distribution when available; benchmarks with fewer
than 6,000 total examples are supplemented to 6,000 with
NuminaTest examples (Li et al., 2024). All training targets
include high-quality chain-of-thought reasoning produced
by a strong teacher model (OpenAl GPT-5.2), ensuring
consistent supervision quality across tasks and models and
complementing recent advances in reasoning-focused post-
training, e.g. guided adversarial self-play (Li et al., 2026).

Optimization and adapters. All single benchmark runs
use AdamW with learning rate 5 x 10~°, weight decay 0.01,
and 500 warmup steps. We perform parameter-efficient fine-
tuning via LoRA with rank r = 8, a = 32, dropout 0.1,
and apply adapters to g_proj, k_proj, v.proj, o_.proj,
gate_proj, up_proj, and down_proj. We train for 3
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Table 5. Domain specialization. Accuracy across benchmarks (mean £ approx. std (half-width/1.96); higher is better). Avg is the
unweighted mean over all benchmarks shown. Best per model/column is in bold.

Model Method Multi-Domain Code Math ﬂ
BBH GLUE LiveBench GPQA HumanEval GSMSK Math500 Avg

Frozen checkpoint 33.07+2.08 55.97+0.64 592+0.62 2891+1.28 39.63+3.78 57.63+0.93 14.80+1.59 33.70

DeepSeek-MoE-Chat  ST-MoE 69.86+2.03 79.03+0.53 14.62+093 79.70+1.14 41.46+3.81 64.00+091 15.00+1.60 51.95

Ours

73.92+1.80 80.41+0.50 17.85+0.87 82.34+1.03 40.21 +3.88

66.28 +0.83 16.40+1.50 53.92

Frozen checkpoint 35.42+2.11 53.12+0.64

13.93+0.91

1998+ 1.13 37.20+£3.73 69.20+0.87 19.40+1.77 35.46

DeepSeck-V2-Lite  ST-MoE 57.34+2.18 74.88+0.56 16.85+099 68.67+131 45124384 62.00+0.92 20.20+1.79 49.29
Ours 61.98+1.98 7435+0.59 19.42+0.95 72.91+1.18 48.36+3.62 6438+0.85 21.60+1.64 51.86
Moonlisht.16B.A3p Frozen checkpoint  59.10£2.17 60.68£0.63 19.571.05 27.98+127 7256345 92842049 6740209 57.16
_hf’s‘;fuf;’ TR ST-MoE 82.00+1.70 81.48+0.50 4221+1.35 78.59+1.16 73.17+3.43 91.37+0.53 64.80+2.13 73.37
Ours 85.74+1.54 83.02:0.46 46.83+124 81.92+1.05 7588+324 9292+0.57 66.20+2.02 76.07
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Figure 5. Performance comparison of ablation method combinations across three model architectures. The radar charts illustrate the
evaluation of DeepSeek-MoE-Chat, DeepSeek-V2-Lite, and Moonlight-16B-A3B-Instruct on seven diverse benchmarks. Radial axes
represent the corresponding benchmark scores, identified by the labels and the color-coded outer rim segments. The proposed method
(Ours) demonstrates a consistent expansion of the performance capabilities compared to the ST-MoE baseline.

epochs with global batch size 18 (about 1,000 optimization
steps).

Tuning protocol. To ensure a fair comparison across rout-
ing regularizers, we independently tune—for each model
and each method—the learning rate, the load-balancing loss
coefficient, and the history-regularization weight 7 using
a held-out validation split drawn from the training pool,
while keeping all other hyperparameters fixed. This yields
an extensive experimental grid spanning 3 backbones x 7
benchmarks x multiple routing regularizers.

Observations. As shown in Table 5, ¢-balancing achieves
state-of-the-art results in over 80% of the 21 setups across
three models. In some setups, ¢-balancing even outper-
forms the next-best method by nearly 5%. We see that the
average performance across the benchmarks is consistently
higher for ¢-balancing. We also observe ¢-balancing’s
performance is better than ST-MoE’s over 90% of the time.

Domain specialization. The robust and history-aware reg-
ularization of ¢-balancing promotes the emergence of di-

verse expert behaviors. By balancing expert usage at the
population level rather than forcing uniformity within each
mini-batch, ¢-balancing enables experts to specialize along
different functional dimensions, allowing the router to com-
bine complementary experts in a manner reminiscent of
ensemble methods (Figure 6). This behavior contrasts with
ST-MoE, whose batch-level load-balancing objective en-
courages the tokens in each mini-batch to be distributed uni-
formly across experts. While this can improve short-term
utilization, it also weakens the router’s ability to consis-
tently route related tokens to the same experts, effectively
pushing every expert to learn every domain and suppressing
specialization in practice.

5. Related Work

Foundational MoE architectures and theory. MoE
routing has evolved from early load-balancing heuristics
(Shazeer et al., 2017) to scalable systems such as GShard
(Lepikhin et al., 2021) and Switch Transformers (Fedus
et al., 2022). This architecture has become the backbone
of modern frontier models, including DeepSeek-V3 (Liu



¢-Balancing for Mixture-of-Experts Training

B Arxiv B Books

2 2o =
~ o)) o2 o
I I I |

=3
[\
1

Composition (fraction)

I
(==
I

01234567
Expert

Il C4 M Github B Stack B Wiki

01234567
Expert

Figure 6. Domain specialization in routing. Routed-token ratio (fraction of tokens) assigned to each expert (IDs 0-7) for different data
domains (Arxiv, Books, C4, Github, Stack, Wiki) at two representative layers (Layer 5 and Layer 11). Compared to ST-MoE, our router
exhibits sharper domain-to-expert preferences (stronger specialization), albeit with mildly uneven expert loads.

et al., 2024b), Qwen3 (Yang et al., 2025), and OIMoE
(Muennighoff et al., 2024). Subsequent research has ex-
plored diverse variants such as Expert Choice Routing (Zhou
et al., 2022), DeepSeekMoE’s fine-grained segmentation
(Dai et al., 2024), and scaling laws for efficient dispatch
(Tian et al., 2025). Concurrently, theoretical understanding
has deepened: recent works have established convergence
guarantees for gating mechanisms (Yan et al., 2025a; Le
et al., 2026; Thai et al., 2026; Nguyen et al., 2026) and
analyzed MoE optimization dynamics through the lens of
mirror descent (Fruytier et al., 2025).

Refining load balancing. The standard auxiliary load-
balancing loss has faced scrutiny for suppressing expert
specialization (Qiu et al., 2025; Guo et al., 2025) and intro-
ducing gradient interference. Proposed remedies range from
calculating losses over global batches (Qiu et al., 2025) to
enforcing router orthogonality (Omi et al., 2025) and utiliz-
ing ternary rewards (Yan et al., 2025b). Alternatively, some
methods remove auxiliary gradients entirely (Wang et al.,
2024; Yang, 2025) or propose fully differentiable routing
mechanisms like ReMoE (Wang et al., 2025) to bypass dis-
crete selection issues. While (Dai et al., 2022) address the
resulting routing instability via two-stage distillation, these
approaches largely rely on heuristics or specific structural
constraints. (Cheng et al., 2025; Xu et al., 2026; Zhang
et al., 2025a; Cai et al., 2025; Huang et al., 2024)

Connections to optimization. The core mechanism of
¢-balancing is based on mirror descent, which has roots in
the classical optimization literature (Nemirovski & Yudin,
1983; Beck & Teboulle, 2003) as a generalization of gradient
descent to the geometry induced by a chosen, strongly con-
vex mirror map. More broadly, the use of convex potential
functions as an algorithmic design primitive has also been
explored in the generalization of Lion (Chen et al., 2023;

Liu* et al., 2024; Chen, 2025) to its Lion-/ variants (Chen
et al., 2024; 2026b), in which sign-based update rules are
replaced by subgradients of more general convex functions.

6. Conclusion

We introduced ¢-balancing, a simple and theoretically prin-
cipled framework for balancing expert utilization in MoE
models. At its core, ¢-balancing leverages a strictly con-
vex, symmetric, and differentiable potential to encourage
population-level routing probabilities toward uniformity,
yielding an auxiliary objective whose online mirror descent
updates are equivalent to maintaining an EMA of expert
loads. Empirically, ¢-balancing consistently improves over
standard baselines across a wide range of pretraining and
fine-tuning tasks and benchmarks. The entire mechanism
incurs negligible overhead and requires minimal changes to
existing MoE pipelines, making it suitable for large-scale
deployments.

Future work. The breadth of the ¢-balancing framework
opens several promising directions. A particularly important
one is to develop a clearer understanding of the role of ¢,
including which choices are optimal in different regimes,
why certain choices induce more uniform routing dynamics,
and how these choices should scale with model, data, and
expert configuration. Beyond this, ¢-balancing provides a
natural foundation for richer MoE settings, including expert
parallelism with heterogeneous capacities, unbalanced data
distributions, and curriculum-based schedules for routing
noise. Finally, we expect ¢-balancing to lead to compound-
ing gains when combined with recent advances in optimiza-
tion, including online subspace descent (Liang et al., 2024),
Muon (Jordan et al., 2024; Liu et al., 2025), H-Fac (Nguyen
etal., 2024), DeMo (Peng et al., 2026), and cautious variants
(Liang* et al., 2024; Chen et al., 2026a).
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Algorithm 2 Detailed version of Algorithm 1

Require: task learning rate -, strictly convex, symmetric, and differentiable function ¢, momentum 71 € (0, 1], ¢-balancing
weight @ > 0, history vectors m") < 0 for each MoE layer | = 1, ..., L, model parameters 6
1: while training do
2:  Sample mini-batch B from dataset.
30 Lusk, {PY}E, « FORWARD(, B) (compute task loss and mean routing probabilities)
4: ACtolal — Etask
5.  for each MoE layer ! = 1 to L do
6 m® «— (1 —n)m® 4 7p® (EMA of loads)
7 £l 8 pY . SToPGRAD(Vg(m©®),)
8 Liotal  Liota + - E - ‘C‘(uﬂ)x
9:  end for
10: 6 < OPTIMIZER(6; Liopa1)
11: end while

Algorithm 3 ¢-balancing with Frequency EMA for one MoE layer

Require: strictly convex, symmetric, and differentiable function ¢, n € (0,1], & > 0, m « 0, routing frequencies f.
defined in (4)

1: Compute routing probabilities p; . for each token ¢

2: Pe — % 23;1 piefore=1,... . F (expert loads)
3 p<« (P1;---,PE)

4 f, 7 2?21 I(e € Top-k(p;,.)) fore=1,..., F (selection frequencies)
5: f + (fla---7fE)

6: m <+ (1—n)m+nf (EMA of frequencies)
7o Laux Zf:l V¢(m)e Pe

8: Update model using V (Lusk + @+ E - Lauy)

Appendix

A. Notation

0 and 1 denote the all-zeros and all-ones vectors, respectively. ||-[|,, denotes the £, norm for p € [1, oc]. (-, ) denotes the
standard inner product. I(-) denotes the 0-1 indicator function.

E
AP = {pER?O:Zpe = 1}
e=1

denotes the probability simplex. The convex conjugate ¢* of a function ¢ : RY — R U {oc} is defined as

¢*(y) == sup (x,y) — ¢(x), forally € R".
x€R4

MaxViogonal (Wang et al., 2024) is a metric that quantifies load imbalance in MoE models, defined as

max, Load, — Load
Load

MaxVioglobal =

where

* Load, is the number of tokens assigned to expert e.
* Load is the average (ideal balanced) load across experts.

A lower value indicates more balanced expert utilization, while a higher value reflects severe imbalance. It evaluates global
load balance across the entire validation set, reflecting long-term efficiency and fairness in expert usage.
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Accuracy (ACC) is a metric that measures the proportion of correct predictions made by a model. It is calculated as the
number of correct predictions divided by the total number of predictions:

Number of Correct Predictions

ACC = .
ce Total Number of Predictions

Routed-token ratio is a metric that quantifies expert specialization. Let 7; denote the set of tokens belonging to domain d,
and let g;(¢) € {0,..., E — 1} be the index of the expert selected by the router for token 7 at layer .

The routing distribution ratio Rgi for expert e, domain d, and layer [ is calculated as the normalized frequency of token

assignment:
Yier, Wgi(i) =€)
|4l '

A value of RSL R % indicates a uniform, domain-agnostic distribution, whereas Rilzj > % suggests strong domain
specialization for expert e.

l
R =

B. Proofs

Lemma 1 (Uniform expert distribution minimizes symmetric convex potentials). Let A := {p € Rgo : Zle Pe =
1} denote the probability simplex on E experts, and let ¢ : A¥ — R be convex and permutation-invariant, i.e.,

o(Pp) = o(p) for all permutation matrices P € {0,1}F*F.

Letu := %1 € AF denote the uniform expert distribution. Then

o(u) < o(p) forallp € AP,

If. in addition, ¢ is strictly convex on AF, then equality holds if and only if p = .

Proof. Let Sg denote the set of all E! permutation matrices on R”, and define the symmetrized point
_ 1
P = Vol Z Pp.
PeSE
Since A is convex and each Pp € A¥, we have p € AP,

Fix any coordinate j € {1,..., E}. Foreach e € {1,..., E'}, the number of permutations that send entry e to position j
equals (F — 1)! (the remaining F' — 1 positions are permuted freely). Hence

E

1 (E-1)! 1 1
D;: — — P ;= — e = —1 = —,
bj IoL p;( P); Fl z;p E E
E €=

where the second-to-last equality uses p € A¥, so > . Pe = 1. Since j was arbitrary, p = u.

Applying Jensen’s inequality to the convex function ¢ with the uniform weights %, all of which are nonnegative and sum to

1,
o(u) = 9(p) = ¢><;, 3 Pp> < = > e

PeSE PeSE

By permutation invariance, ¢(Pp) = ¢(p) for every P € Sg, so the right-hand side equals ¢(p). This proves ¢(u) < ¢(p).

Suppose ¢ is strictly convex on A, Strict Jensen’s inequality implies ¢(u) = ¢(p) only if all points being averaged
coincide, i.e., Pp = p forevery P € Sg.

In particular, applying any transposition P, .y shows p. = pes forall e,e’ € {1,..., E'}, so p has all coordinates equal;
combined with p € A, this forces p = u. The converse is immediate, since Pu = u for every permutation matrix P. [

14
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Lemma 2 (Mirror ascent step for the inner maximization). Let ¢ : Dy — R be a Legendre function (proper, lower
semi-continuous, strictly convex, and essentially smooth) on an open convex domain Dy C R, and let ¢* : Dy — R
denote its Fenchel conjugate, where Dy~ := NV ¢(Dy). Under these assumptions ¢* is itself Legendre, and the gradient
maps V¢ : Dy — Dy and V¢* : Dy« — Dy are bijective and mutually inverse:

m=V¢*'(q) < q=V¢(m), m € Dy, q&€ Dy-.
Fix p; € Dy and consider the inner maximization

s F(q; pt) == (P, 9) — ¢"(q),

which is strictly concave in q. Let q; € Dy- be the current iterate, with primal representation m; := V¢*(q;) € Dg.

Then, for any step size n € (0, 1], the mirror ascent update with mirror map ¢*,

Qr+1 = arg max {<qu(Qt; P): @) — 5 Dg-(a, qt)},
qEDy=

where Dy~ (q,q’) = ¢*(q) — ¢*(d') — (Vo*(d'), a—d') is the Bregman divergence induced by ¢*, admits the closed
form

myyy = (1—n)m;+npy, qi+1 = Vo(myy).
Proof. By the Legendre assumption on ¢, the gradient maps V¢ and V¢* are bijections and mutual inverses on Dy and
Dy-, so the primal representation m; = V¢*(q,) is well-defined and equivalent to q; = V¢ (my).
Differentiating F' with respect to q gives
VaF'(a; pt) = pe— Vé™(q),

so that, evaluated at the current iterate,
VqF(Qt§ pt) = Pt —my.

The first-order optimality condition for the mirror-ascent subproblem (Beck & Teboulle, 2003) requires that the gradient of
its objective in q vanish at q;41:

VoF (ai; pt) — %(VW(%H) - W)*(Qt)) = 0.
Substituting V¢*(q) = m on both sides and rearranging yields the primal-space update

mi 1 = m+n(p:—my) = (1—n)m+npy,

which is an exponential moving average of m; and p;. Since Dy is convex and 7 € (0, 1], the iterate m;, remains in Dy.
Mapping back to the dual domain via the gradient of ¢ gives

qir1 = Vo(meq),

which completes the proof. O

C. Hyperparameters

We set the tokens-per-parameter budget for all MoE pretraining runs using the MoE scaling law of Tian et al. (2025). For a

given total training compute C', the compute-per-token MI?/ITE and the optimal number of training tokens Dﬁ/fsE are given by

M, =0.1915C0599°  DOPt = 52232 C0-4905,

o

The corresponding optimal tokens-per-parameter ratio is

DoPt 5.2232 .
tppopt(c) — I\C/)IotE _ 00‘490570.5090 ~ 27'3 070'019,
MR 0.1915
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Table 6. Model hyperparameters. Comparison of model configurations across different sizes, ordered by parameter count.

Architecture Training Optimization
Model dnoset L H dhead FFN Act. Seq. Len Batch Total Steps Peak LR Warmup WD

111IM 512 8 8 64 2048 gelu 2048 256 10,758 1.65e-3 10%  0.261
338M 1024 8 8 128 4096 gelu 2048 256 38,658 1.37e-3 10%  0.276
588M 1280 10 10 128 5120 gelu 2048 256 20,500 1.2e-3 10% 0.29
986M 1536 12 8 256 6144 gelu 2048 512 60,751 1.0e-3 10% 0.3

. . . . 1
Validation Accuracy Gini Coefficient !
= -0.412 P42
5. R 3
o, 0-002 g;@o.ooz. -010°3
£ 0410 5 i g _
£ 0.003 g i F 0.003 . g
8 0.408 " ! 8 -0.050
0.001 0.005 0.01 0.015 0.001 0.005 0.01 0.015
LBL Coef LBL Coef !
H U

~—— o o e e -

Figure 7. Hyperparameter sensitivity analysis. Heatmaps displaying Validation Accuracy (left) and Gini Coefficient (right) across
varying Learning Rates (y € {le-3,...,4e-3}) and ¢-balancing loss coefficient (o € {0.001,...,0.015}). While accuracy remains
robust (peak 0.4136), increasing label smoothing drastically reduces the Gini coefficient, indicating a trade-off between model calibration
and discriminatory ranking power.

and we choose the total number of training tokens for each configuration to match tpp°P*(C') induced by our target compute

C.

For the hyperparameters listed in Table 6, our learning rate search employed a quasi-logarithmic grid spanning to 1 x 107> to
1 x 10~1, with denser sampling in the 10~* to 10~2 range where transformer models typically achieve optimal performance.
The grid included standard decade values (e.g., 0.001, 0.01) as well as intermediate points within each logarithmic interval
(e.g.,0.2,0.3, 0.5, 0.8 scaled to each decade), totaling 24 distinct learning rate values. For the learning rate schedule, we
systematically evaluated warmup ratios of 0, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5 followed by cosine annealing decay.

D. Additional Experiments

Algorithm 2 details the complete implementation of the routing mechanism introduced in Algorithm 1. A key distinction in
this detailed formulation is the load tracking strategy: we specifically utilize the EMA of expert assignment probabilities,
whereas alternative approaches typically track the EMA of selection frequencies (f.).

To systematically compare our ¢-balancing, ST-MoE, and loss-free MoE models, we categorize our experimental configura-
tions into three distinct scaling regimes as summarized in Table 7. The Active-Parameter study follows standard scaling
principles by varying the model capacity from 111M to 986M active parameters while maintaining a fixed routing sparsity
of 2-of-16. In the Granularity study, we investigate the trade-off between expert specialization and parameter count by
varying the factor G; specifically, we increase the total number of experts E while proportionally shrinking the hidden
dimension of each expert’s feed-forward network to ensure per-token FLOPs remain invariant. Finally, the Expert-Count
study isolates the impact of the activation ratio (A/F) by holding the individual expert size and compute budget constant
while expanding the total expert pool E from 8 to 128. This experimental design allows us to disentangle the benefits of
total model capacity from those of routing density and expert specialization.
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Table 7. Summary of MoE scaling study configurations. All studies are conducted while keeping per-token FLOPs approximately

constant.

Scaling Axis Variable (z) Fixed Constraints Configurations / Values
Active-Parameter Active Params (V) E =16 111M, 338M,
A=2 588M, 986M
. Factor (G) Model Size (M) G € {2,4,8,16,32}
Granularity Ratio (A/E) (E scales 16 — 256)
Total Experts (F) Compute (M), A = 2
Expert-Count (Sparsity) Expert Size E € {8,16,32,64, 128}

Table 8. Mixed benchmark. We combine 1,500 examples from the seven benchmarks used in per-benchmark finetuning, and combine
them into a mixed finetuning dataset. Similar to per-benchmark finetuning, each example contains high quality chain-of-thought reasoning
from a strong teacher model (OpenAl GPT-5.2). For benchmarks with less than total 1,500 examples, we select all of its training
distribution. We finetune with lora rank » = 4 on one epoch with LR=2e-5 (approximately 500 steps). We finetune Deepseek-MoE-16b-
chat and Deepseek-V2-Lite-Chat models and show the accuracy of each benchmark in the evaluation set.

Model Method Multi-Domain Code Math %
BBH GLUE LiveBench GPQA HumanEval GSMSK Math500 Avg
DeenSeek.Mop  FroZen checkpoint  33.07£2.08 5597064 592:0.62 2891+128 39.63:3.78 57.63+0.93 1480+1.59 33.70
o SO STAMoE 43.05+£2.19 67.72+0.60 13.79+091 28.75+1.28 29.27+3.55 53.33+094 1554+1.93 3592
Ours 4422+2.10 6851056 14.15+0.87 27.88+1.26 28.05+3.51 54.91:092 15.12+1.87 36.12
DeepSeck.vy  Frozen checkpoint 35424211 53.12:£0.64 13.93£091 1998113 37.20+373 69.20£087 1940+1.77 3546
e ST-MoE 47954221 65.58+0.61 18.80+1.03 2548+123 32.93+3.67 68.12+0.88 24.29+228 4045
Ours 48.82+2.15 65.10+0.58 19.34+1.00 2621+1.19 33.55+3.58 69.05+0.85 23.94=221 40.86
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